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THE STRUCTURE OF LEGENDRE FOLIATIONS

MYUNG-YULL PANG

ABSTRACT. The local and global structure of Legendre foliations of contact
manifolds is analysed. The main invariant of a Legendre foliation is shown
to be a quadratic form on the tangent bundle to the foliation—the fundamen-
tal quadratic form. The equivalence problem is solved in the case when the
fundamental quadratic form is nondegenerate and a generalization of Chern’s
solution to the equivalence problem for Finsler manifolds is obtained. A nor-
mal form for Legendre foliations is given which is closely related to Weinstein’s
structure theorem for Lagrangian foliations. It is shown that every compact,
simply connected leaf of a Legendre foliation is difftomorphic to a sphere.

INTRODUCTION

Let P be a smooth (2n + 1)-dimensional manifold without boundary with a
fixed choice of contact 1-form 7 (i.e. nA(dn)" #0). A Legendre foliation is a
foliation of P by n-dimensional integral submanifolds of 7. We say that two
Legendre foliations # and :#, are equivalent if there exists a diffcomorphism
¢: P, — P, satisfying the conditions

¢*’72 =n and ¢*‘?2 = ’gl

where ¢*5‘; is the foliation of P, whose leaves are inverse images under ¢ of
leaves of .#,. The purpose of this paper is to study the geometry of Legendre
foliations with particular emphasis on the problem of determining when two
Legendre foliations are equivalent.

The geometry of Legendre foliations is closely related to the geometry of
Lagrangian foliations of symplectic manifolds [W]. To understand the relation,
begin by recalling that the cotangent space T°M of a smooth manifold M"*'
has a tautological 1-form ¢ and that 7" M is equipped with a natural symplectic
structure defined by the 2-form —d{. The foliation by fibers of n: T"M —
M is a Lagrangian foliation (i.e. the leaves are (n + 1)-dimensional integral
submanifolds of —d{). Let F: T*"M — R U {0} be a function such that

F(tv)=tF(v) forallt>0andveT M

and set S;M ={v e T M|F(v)=1}. For example, if F is the norm defined
by a Riemannian metric g on M , then S;M is the unit cotangent bundle S;M
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on M. The set S;M is a (2n + 1)-dimensional submanifold of T°M with
contact 1-form defined by the pull back to S;M of { and Legendre foliation
S defined by the fibers of the projection map. One of the main results in this
paper is the following theorem:

Theorem. Any Legendre foliation & is locally equivalent to one of the form . .
This is an analogue of the following result of Weinstein [W]:

Theorem. Any Lagrangian foliation is locally equivalent to one of the form de-
fined by fibers of m: T*M — M . Moreover, the leaves of the foliation have a
natural flat affine structure.

To classify Legendre foliations, we introduce two local invariants: (i) the fun-
damental quadratic form II which is a symmetric 2-form on the tangent bundle
to %, and (ii) the invariant G, a symmetric 3-form on the tangent bundle to
& . For Legendre foliations of the form %, Il and G are restrictions to the
tangent bundle of .7, of the following symmetric forms:

2 3
oF dy'®dy, G= lLdy'@a’y’@dyk.
ay'ay’ 2 ay'ay’ay*
The invariant G was originally introduced by Chern in the special case when F
is a Finsler metric, and he proved that G vanishes precisely when the Finsler
metric is Riemannian, in which case Il coincides with the induced metric on
the fibers. The quantities II and G have an invariant definition in terms of
Lie derivatives (Proposition 3.3)

The study of Legendre foliations in this paper is motivated by work with
Duchamp and Uhlmann [DPU] on the inverse scattering problem for metrics:
Let g be a Riemannian metric on R™"' different from the standard euclidean
metric only on the interior of the ball of radius 1. The inverse scattering problem
is to prove the uniqueness (up to diffeomorphism) of the metric g from the
scattering data of geodesics (i.e. the behavior of geodesics entering and leaving
the unit ball.) Presently, the uniqueness is known only in the special case when
the metrics do not have conjugate points inside the ball and are conformally
equivalent. The problem is still open under more general conditions. The
inverse scattering problem for metrics can be reformulated in terms of Legendre
foliations as follows. Let ¢ be a small deformation of the metric g with g =g
outside of the ball and which has the same scattering data for geodesics as g .
In [DPU] we show that there is a natural way to associate to & a deformation
F of the Legendre foliation 9’. on S R™! with the properties that

II=

(i) the equation G = 0 holds where G is the invariant tensor associated
to F
(il) & coincides with 9; outside 7~ '(B), where B is the unit ball.
The relation to the inverse scattering problem can be easily seen from the fol-
lowing theorem [DPUJ:
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There is an isometry f: (R™", g) — (R™", &) which is an identity outside the
ball if and only if

~

F=5,.

Conditions (i) and (ii) can be interpreted as a boundary value problem in par-
tial differential equations. We are presently working on proving uniqueness in
the special case n = 1 where the integrability conditions for the foliation are
trivially satisfied. In higher dimensions, the integrability conditions for the dis-
tribution defining # must be incorporated and the best formulation of the
system of P.D.E.’s is yet to be determined.

Legendre foliations with nondegenerate Il are called nondegenerate. The
study of the local structure of Legendre foliations is closely related to Chern’s
work on Finsler space [C]: We show that the condition that IT is positive definite
is equivalent to the condition that the Legendre foliation is locally equivalent
to one of the form . with F a Finsler metric (ie. F 2 is a convex function
on T, M forall xe M).

The local structure of nondegenerate Legendre foliations is also related to
the works of R. Gardner, R. Bryant and, more recently, of N. Kamran and P.
Olver on Calculus of Variations. For instance, in the special case when n =1,
the structure equations of a nondegenerate Legendre foliation turn out to be the
same as those of a nondegenerate first order Lagrangian [G]. The equivalence
problem for first order Lagrangians is discussed in more detail in [Br and KO].

The paper is organized as follows. §1 is an introduction to basic definitions
and examples of Legendre foliations. We prove the normal form theorem in
§2. In §3, the local invariants Il and G and their invariant definitions are
introduced.

In §4, we describe the simplest class of Legendre foliations characterized by
the vanishing of II. Such Legendre foliations are called flaz. We show that
any flat Legendre foliation is locally equivalent to one defined on S;M with
F = y"+1 . In particular, all the flat Legendre foliations are equivalent and the
leaves possess a natural flat affine structure.

§5 is the local study of Legendre foliations with nondegenerate II. This
is accomplished by showing that there is a natural reduction of the structure
group of P to the orthogonal group O(p, q) where (p, q) is the signature of
the fundamental quadratic form. By suitably normalizing the torsion, we obtain
a canonical connection on P . Its torsion and the curvature form a set of local
invariants.

One result of the reduction is that a CR-structure can be defined on P in a
natural way. In general, this CR-structure is not integrable (i.e. the holomorphic
tangent bundle on P is not closed under the Lie bracket [LB]). However, we
show that the CR-structure obtained from the Legendre foliation on the unit
cotangent bundle of a Riemannian manifold with constant sectional curvature is
integrable. In the special case when the dimension of P is 5 and II is positive
definite, there is another CR-structure on P. We give necessary and sufficient
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condition for the integrability of this CR-structure in terms of the invatiant G
(Proposition 5.45). In the special case when G = 0, the integrability condition
is trivially satisfied, and the CR-structure is locally equivalent to the one defined
by LeBrun [LB].

In §6, we study the global structure of Legendre foliations. We prove that
every compact and simply connected leaf of a Legendre foliation is diffeomor-
phic to an n-sphere. More generally, it can be shown that every compact leaf
with finite fundamental group is diffeomorphic to a quotient of a sphere. From
the theory of foliations, it can be shown that if all leaves of a foliation .# are
simply connected and compact, then the leaf space P/ is a manifold. Under
this assumption, the normal form theorem generalizes to a global theorem:

Theorem. A Legendre foliation with all of its leaves compact and simply con-
nected is globally equivalent to one of the form . defined on S;(P/? ), and
the fibers are all diffeomorphic to n-spheres. If in addition 11 is nondegenerate,
then F is a Finsler metric.

It follows from the local theory that in the special case where II is positive
definite and G vanishes the leaves of # have a natural metric of positive
constant sectional curvature. Consequently, each compact leaf is diffeomorphic
to a quotient of a sphere by a finite group. Moreover, if P is compact, all the
leaves are necessarily compact, and hence diffeomorphic to quotients of spheres.

Notation. Throughout this paper, the following notations are used.

(i) The summation convention is used: The latin indices i, j, ... range from
1 to n+ 1, and the greek indices from 1 to n.

(ii) All the manifolds are smooth and without boundary. If B — P is a
vector bundle, I'(B) denotes the set of all smooth sections of B. Functions
and sections of vector bundles are smooth.

(iii) i(X)w denotes the interior evaluation of a vector field X on a differ-
ential form w. ‘

(iv) (x', »’) denote the coordinateson 7" M induced from coordinates (x')

on an (n + 1)-dimensional manifold M. If F is a function on T"M , then
2
Fi=g—yF,, Fij=6—i%;,andsoon.

I would like to thank Professor T. Duchamp for his guidance and many
suggestions which were very helpful throughout the paper, especially for the
global results. I am also grateful to Professor J. Lee for his suggestion to consider
the relation to CR-geometry. The work in this paper was submitted as part of

the author’s doctoral thesis at the University of Washington in 1989.
1. DEFINITIONS AND EXAMPLES

1.1 Legendre foliations. A contact distribution H on P is a 2n-dimensional
subbundle of TP which has the property that any local trivialization #n of the
line bundle E* = Ann(H) ¢ T*P (i.e. nonzero section of El*U — U defined on
a neighborhood U C P) satisfies the condition 7 A (d n" # 0. We call a pair
(P, H) a contact manifold in the wider sense [B].
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If E* is trivial as a vector bundle, E* has a globally defined nonzero section
n. We call n a contact 1-form and a contact manifold is defined to be a pair
(P, n). Clearly, a contact manifold is also a contact manifold in the wider
sense with the contact distribution defined by Ann(n). The contact 1-form
determines a vector field X, on P, called the characteristic vector field, by the
conditions i(X,)n=1 and i(Xn)d n = 0. The charateristic vector field gives a

natural decomposition TP = E* @ Ann(Xn) .

1.2 Definition. A Legendre foliation (resp. in the wider sense) % of a contact
manifold (P, n) is a foliation by n-dimensional integral submanifolds of #
(resp. of H). Two Legendre foliations (resp. in the wider sense) # and %
are said to be equivalent if there is a diffeomorphism ¢: P, — P, satisfying two
conditions

¢ n,=n, (resp. " E; = E}), o' F =,

where ¢*5‘; is the foliation of P, whose leaves are the inverse images under ¢
of leaves of %, .

Given a foliation & , the tangent bundle #n;,: L — P to % is the subbundle
of TP consisting of tangent vectors to the foliation. Similarly, the conormal
bundle 7,: N° — P to .F is the subbundle of T"P consisting of covectors
normal to ¥ . A tangential vector field is a section of L, and a relative 1-form
is a section of L*. In the case when % is a Legendre foliation with contact
I-form 7, the conormal bundle has a canonical splitting

(1.3) N'=E'9Q"

where 7,: Q" — P is the subbundle of N* defined by Q" = N*n Ann(X,).
Moreover, there is a natural vector bundle isomorphism ®: L — Q" defined as
follows. For X € L, let ®(X) = i(X)dne€ T*P. But, i(X)dn € I'(Q") since
{i(X)dr]}(Xn) =0 and {i(X)dn}(Y)=—-n([X,Y])=0 forall YeI'(L). ®
is an injection because d# is nondegenerate on Ann(Xﬂ) and, since L, Q" are
of the same dimension, & is an isomorphism.

1.4 Projective cotangent bundles. An important class of examples of Legendre
foliations comes from the projective cotangent bundles. Let M be a (n + 1)-
dimensional manifold and TJ M c T*M the set of nonzero covectors. The
projective cotangent bundle n: ]P:M — M is a fiber bundle defined as the quo-
tient of TJ M under the action of positive real numbers R* by multiplication
on TyM.

To define the contact distribution IP:M , we make use of the the canonical
I-form { on T*M defined by the formula

(1.5) &, (X) =v(rm, X)

where v € T°M, X € T,(T°M), and n: T*M — M is the natural projection.



422 MYUNG-YULL PANG

The form { has the local expression
+1 .
(=Y y'dx'
i=1

where (x', y’) are the coordinates on 7" M induced by coordinates (x') on
M . It is well known that the 2-form —d{ = E”“ dx'ndy’ y" defines a symplectic
structure on T°M .

We define a contact 1-form on P M as follows. Let F: T"M — R be a
function satisfying the homogeneity condition

(1.6) F(tv)=tF(v) forveT"Mandt>0.

For example, F can be the induced norm on the cotangent bundle of M associ-
ated to a Riemannian metric g. If F is positive on TJ M, % is a well-defined
1-form of homogeneous degree zero on TJ M , and hence it remains invari-
ant under the multiplicative action of R™. The 1-form % defines the contact
1-form 75, on the quotient manifold ]P’:M .

To see that 7, is a contact 1-form on P\ M (i.e. n A(dng)" #0), proceed
as follows: Let n_: T;M — P, M be the natural projection map. Then 7, isa
bundle map over P such that n: Ng = % . Then the condition 7. A (dn F)" #0
follows from the following computation:

n{nF dryﬁ}-%/\{d(%)} :%/\{ dF/\C+FC}

= e CAWD 20,

It is clear that a different choice of F will define the same contact distribution
on ]P’:M since it will at most differ by a conformal factor (i.e. if F’ is a different
choice, 1, = fn,, forsome f € C*™(P}M)), and hence the contact distribution
defined by 7, is canonical (i.e. independent of choice of F). On ]P’:M , a
Legendre foliation in the wider sense is defined by the fibers of 7,: ]P’:M - M.

1.7 Unit cotangent bundles. It is clear that a fixed choice of F gives a Legendre
foliation on ]P:M , denoted by .. The Legendre foliation .#. can be equiv-

alently described as follows: We call the manifold S;M = F~'(1) € T*M the
unit cotangent bundle. SpM is a contact manifold with contact 1-form 7,
given by pulling back of the canonical 1-form {; and the foliation of S;M
given by the fibers of the projection map S;M — M defines the Legendre
foliation equivalent to 7. . The equivalence can be easily seen from the diffeo-
morphism obtained by composing the following maps:

* * T, %
SiM = T"MIoP M.

On S;M , the characteristic vector field Xn can be calculated directly by using
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the induced coordinates on 7" M :
ntl {6F 8 OF 8 }

B_yi ax’  ox' oy’

(1.8) X, = >
i=1

We can consider a more general class of Legendre foliations by weakening
the condition that F is positive on TJ M . In this case, we obtain the Legendre

foliation .. on F _1(1) by a similar argument.

1.9 Symplectification. A symplectification is a canonical way of obtaining a sym-
plectic manifold from a given contact manifold. Let (P, H) be a contact man-
ifold in the wider sense. Then the line bundle E* ¢ T°P, as a (2n + 2)-
dimensional manifold, carries the canonical symplectic 2-form —d# where 7
is the 1-form on E* defined by the formula

fy(X) = v(ng, X)

for v € E* and X € T,E*. Moreover, for each Legendre foliation % of
(P, H), n.% is a Lagrangian foliation on E”. Furthermore, the leaves of
n. are integral submanifolds of 7. (Here, 7. denotes the foliation whose
leaves are inverse images of leaves of .7 .)

The proof that —d7# is a symplectic 2-form is as follows. Consider a local
trivialization 7 of E* (i.e. E|*U ~ U xR defined by the correspondence 1, <
(p,t), where U is a neighborhood in P ). With respect to this trivialization,
we have 7 = tn since 7, ,(X)=tn,(n;,X)=1tn(X). Therefore,

@) = demy"™! = (@dtan+tdn)™
=+ D"dianadn) +1" dn

)n+l

But (dn)"*' = 0 since dn has rank n, and (=d#)""' # 0 follows from the
fact that n A (dn)" is the pull back by = g of the volume form on P.

In general, a (2n + 2)-dimensional manifold with 1-form # such that —d#
is a symplectic 2-form is called an exact symplectic manifold.

1.10 Definition. A Lagrangian foliation of an exact symplectic manifold is a
foliation of P by (n + 1)-dimensional integral submanifold of 7.

For example, the foliation defined by the fibers of n: T°M — M is a
Lagrangian foliation of the exact symplectic manifold (T°M, (). Given a
Legendre foliation .% , the foliation n,.# is another example of a Lagrangian
foliation of an exact symplectic manifold, (E*, 7).

2. NORMAL FORM FOR LEGENDRE FOLIATIONS

In this section, we prove that every Legendre foliation % is locally equiv-
alent to one of the form & . This result is called the Normal Form Theorem.
As a corollary of the Normal Form Theorem, it follows that all Legendre folia-
tions in the wider sense are locally equivalent. The proof is based on the local
equivalence of the Lagrangian foliations of exact symplectic manifolds.
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2.1 Local equivalence of Lagrangian foliations. Our theorem on the local equiva-
lence of Lagrangian foliation of exact symplectic manifolds is similar to
Weinstein’s result on Lagrangian foliations of symplectic manifolds:

Proposition [W]. Let F bea Lagrangian foliation on a symplectic manifold
(ﬁz"”, Q), and p € P. Then there is a neighborhood U of p and a local
diffeomorphism ¢: U — T*R™" such that ¢(p) = (0,0) € R"™' x R""! ~
T*R"™, and

n+1

(1) the pull back under ¢ of the canonical symplectic 2-form on TR is
Q,
(2) ¢ sends the leaves of F into the fibers of n: T*R™"' — R"'.

In particular, all Lagrangian foliations are locally equivalent. Furthermore, the
leaves of a Lagrangian foliation have a natural flat affine structure.

In the case of Lagrangian foliations on an exact symplectic manifold, we
prove the following theorem.

2.2 Theorem. Let U be a neighborhood o of a point in an exact symplectic man-
ifold (P ) with Lagrangian folzatton F . Without loss of generality, we may

assume that the leaf space U /5" of the restriction of F toUisa manifold.
Then there is a unique local diffeomorphism

v:U—T(U/F)

such that

(1) w*{ =% where { is the canonical l-foLm on T*(U/é‘\;),
(2) moy =m, where n and n,: U — U/F are projection maps (i.e. each
leaf of the foliation of U is mapped into the fiber of T*(U/5F)).

Proof. To prove the theorem, we want to show (i) the construction of y , (ii)
that the equations w*{ = # and m, = moy hold, (iii) that y is a local
diffeomorphism, and (iv) the uniqueness of  satisfying (1) and (2).

(i) To define the map ¥, consider the bundle map

¥ N* - T"(U/F)

defined as follows: Let ]f\?‘ v~ U be the conormal bundle to F restricted
to U. The derivative of the projection map 7 defines a bundle map =,

between N and the tangent bundle T(U/57 ) with 7, : N - T, (p)(U /F)

an isomorphism for all p € U. The bundle map ¥ at p € U is deﬁncd by the
equation ‘Pp = (7t;})"1 with ‘Pp a vector space isomorphism.
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We define y by the composition ¥ o 7 where 7 is regarded as a map from
U to N* so that the following diagram commutes:

N X e

I

U — U

(ii) To prove the identity w*¢{ = 7, let ¢ y denote the pull back of the

canonical 1-form on T°U to N* where N is regarded as a submanifold of
T*U. We claim that ¥*¢ = ¢ ~»and 7 ¢ ~ = 7. Then it follows that

Wl=Foi) L= oY=y =i.

To prove ¥ = {, , choose w € N* and v € T*(U/F) such that ¥(w) = v
(equivalently n;j(v) = w ). Using the commutativity of the diagram, compute
as follows:

(¥"0),,(X) = §,(¥"X) = v(m, 0 ¥,(X)) = v(my- 0 my- (X))
= (V) (@y- (X)) = w(my- (X)) = {y(X)

where X € ijV\;‘ .
The equation #°( ~ = 7i is a consequence of the calculation

(DY) = Ly(,Y) = 7y (e 0 7, (X)) = 7,(Y).
where pe U and Y € TpU.

(iii) The fact that y is a local diffefomorphism can be seen as follows: Let
(x. y .) be the coordlnates on T*U induced from coordinates (xi) on U.
Then y"dx’ and y*dy' form a local coframe since y* (31 dy’ Adx')""! =

v (dO)"™! = (d#)"' # 0. By the inverse function theorem, y is a local
diffeomorphism.

(iv) For uniqueness, suppose that a//' is another map satisfying (1) and (2).
Then from the commutativity of the diagram above, x'o V= x'o y' . Also, we
have y' oy = y' oy’ since

n+l . n+l .
Y 0ow)(wdx) =yl =y"{=) (' oy (¥dx). D
i=1 i=1

The following corollary is a result of Theorem 2.2.

2.3 Corollary. Suppose that U is an open subset of T*M such that n(U) =
M, and U|F is a manifold where & is the foliation defined by fibers of m: U —
M. If $: U —» T*M is a smooth map satisfying the properties: (i) ¢*{ = ¢
and (ii) mo¢ =, then ¢ is the identity map.

Proof. Apply Theorem 2.2 to the exact symplectic manifold (U, {) with the
Lagrangian foliation .# . Note that, since U/¥ = M, we have the map
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w:U — T"M, and the maps ¢, v, and id: U — T*M satisfy the prop-
erties (i) and (ii). Therefore, from uniqueness of ¥ in Theorem 2.2, it follows
that g =y =id. O

2.4 The Normal Form Theorem. Recall that, given a Legendre foliation % ,
we obtain a Lagrangian foliation n’,}?’ of the symplectification. We prove the
Normal Form Theorem by applying Theorem 2.2 to n;;.? :

2.5 Normal Form Theorem. Any Legendre foliation is locally equivalent to one
of the form &, . In particular, all the Legendre foliations in the wider sense are
locally equivalent to the canonically defined Legendre foliation on ]P’:M . The
foliation # is called the normal form of F .

Proof. Let F be a Legendre foliation of a contact manifold (P, n) and V
be a neighborhood of a point in P. Again, without loss of generality, we may
assume that the leaf space V/F of the restriction of ¥ to V is a manifold.
If welet U = nE'(V) C E”, then U is an open set such that the leaf space
U /ﬁ is a manifold since U /§ = V /% . Therefore, by applying the previous
theorem to the Lagrangian foliation nzy , we obtain a local diffeomorphism
w: U — T"(V/F) satisfying the properties (1) and (2). Considering 7 as a
map from V to U, let ¢,7 be the composition map

¢, VLUST (V]F).

We claim that ¢, maps V' diffeomorphically into Sp(V/F) for some F,
and has the properties that (i) ¢:,C =7 and (ii) ¢:’37F =&, where F is the
Legendre foliation on S;.(V/%) and Sy is the restriction of ¥ to V. But
property (i) is clear since ¢,{ = (won)'{ = n"(y"¢) = n"# = . Condition
(ii) follows from property (2) of w in the previous theorem and the identity
"y F)=5.

To define F, consider the trivialization of the line bundle U ~ V' xR defined
by the correspondence t, — (p,t). Define F: w(U) - R by F=m,0 y/_'
where 7m,: U — R is the projection defined by =,(p, t) =¢. That F satisfies
the homogeneity condition follows from the fact that y is a vector bundle map:
Foreach peV, y, is linear since

yp,t)= l1"('7(,,‘;)) = \P(”’(p’,)) = I‘P("(p‘t)) = I\P(i](p’l)) =ty(p,1).

Therefore, F defines the Legendre foliation %, on S;(V/37 ) with contact
1-form 7. defined by the pull back of { to S;(V/E" ), and qbn is a diffeomor-
phism from V onto SL(V/¥). O

2.6 Corollary. Let #. be Legendre foliations on contact manifolds (St M, n,)
for s = 1,2 with pos;'tive F. If ¢: S;I M, — S;ZM2 is a diﬂeomjorphism
such that (i) ¢"n, = n, and (ii) ¢*5‘;2 = 9}] , then there is a diffeomorphism
f: M, — M, suchthat Fo " =F, and ¢ = (f”)l"SEIMI )
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Proof. From the assumption (ii), there is a diffcomorphism f such that the
following diagram commutes:

* ) *
Sy M, —*— s; M,

2.7) g |

M — M
1 ! 2

We first prove the identity ¢ = (/™ )I_Slp M, - Then, the identity F, o f = F,
1

follows since (f*)~' maps S;;' M, diffeomorphically onto S;ZMz and F is

homogeneous function of degree 1 (condition (1.6)).
To show that ¢ = (f* )lgl M, > it suffices to prove that ¢ o f* = id. By
1

Corollary 2.3 applied to the map ¢o f* we must only show that ¢o f* satisfies
two conditions (i): (¢o f*)*¢ = ¢ and (ii): mo (¢o f*) = n. Note that the
condition 7o (¢o f7) = m is clearly satisfied.

To show (¢ o [*)"¢ = {, recall that Ty M denotes the set of nonzero co-
vectors, and consider the extension of ¢ to the diffeomorphism from T(;‘ M,
to T(’;M2 defined by ¢(tv) = t¢(v) for t > 0 and v € S;,.'Ml. Also, let
p: T M — S;S M denotes the radial projection. Clearly then, po¢ =¢op.

We claim that ¢"{ = ¢ and (f*)"¢ = {. The identity (¢of")*¢ = { follows.
Note that the canonical 1-form { on T*MS can be expressed by {, = t(p* M)
on T'MS . (This can be easily seen from the facts that 7, is the restriction of
{ to S;:MS and that { is homogenious of degree 1.) Using this, we prove

L=
@)y =17 0 p M), =1(p" 0 b7 M), =1(p7M),, =&,y -
Also, from the definition (1.5) of {, we can easily check the second identity
(L =¢:
()X = LH{UNXY = (){r, o (/). X}
= 1)/, o7, X) = v(n,X) = {,(X).
for veT°M, and X € T,(T"M,). O

3. LOCAL INVARIANTS
3.1 The fundamental quadratic form IT and the invariant G. To determine when
two Legendre foliations are locally equivalent, we introduce the local invariants,
Il € [(®>L"), the fundamental quadratic form, and G € T(®>L").
In the case of Legendre foliations of the form &, the invariants II and G
are given by the restriction to L of the symmetric forms

1 . .
5 Fpdy' ®dy’ edy*.

(3.2) N=F, dy®dy and G=5
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(Recall that F; and F; ; denote the derivatives of F with respect to yi and yj .)
Given an arbitrary Legendre foliation .# , the normal form theorem provides
a canonical identification of .# with .#., and the invariants Il and G can be
also defined by the formulas (3.2). However, the quantities II and G can be
invariantly defined in terms of Lie derivatives:

3.3 Proposition. Let X, Y, Z be tangential vector fields to & .

(34) (X, Y)=~{ZLFHnHX,),

1
(3.5) G(X,Y,Z)={X(IKY, Z)) + Y (I(X, Z)+Z(II(X,Y))
+ (BLyn + L2 Lm) (X))

Proof. We prove these equations when X = X , Y = X 5 zZ = Xy for a
local frame (X p) of L on a neighborhood U C S;M . By the Normal Form
Theorem, we may assume that X = u; % where u; are smooth functions
defined on T*M satisfying dF (X)) = FiufI =0.

(i) The identity (3.4) follows from the following computation: Note that
Zydx' =d(X,x') =0 and dx'(X,) = F, from (1.8).

n+l )
(% Z mHX,) = {-S’X,,%ﬂ (ZY' dx') } (X,)
i=1
n+1 ) )
=Y {Z (updx)}(X,)
r’:ll ) . n+l1 )
= {(Xup)dx"}(X,) =D {(X,up) F;}
i=1 i=1
n+1 . o
= =D _{uy (X, F)} = —F
i=1

= -I(X,, X,).

(i) To prove the identity (3.5), recall from (i) that we have the identity
3&3){‘,’7 = Z:':ll(Xau'ﬂ) dx'. Using this, compute
n+l ) )
— —~ i i
{_fxu,z’xﬂ_iﬂxyn}(xn) = {3,(" (Z(Xﬂuy) dx ) } (X,)
i=1

n+1

= S Xl dxHX,) = (X, X)) F,
i=1
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= X {(X4u)F} — (X))(X,F)
= —X, (X, F)} = (Xpu,)(X,F,)
=~ upF )} = (Xgu )
= X {IN(X;, X,)} — (Xu))u’F,,

a”ij”
From this, we can directly calculate the right-hand side of (3.5)

S E i)~ (Ko F, — (X il F, )
1

= S (X, F,)ugu) = %Fijku;,u;u’; =G(X,,X;,X). O
3.6 The Bott partial connection and fundamental invariants. The fundamental
invariants of Legendre foliations can be often more conveniently described in
terms of the Bott partial connection and moving frames. For instance, the
invariant G has a relatively simple expression in terms of the Bott partial con-
nection. (See Proposition 3.19 below.)

Before defining the Bott partial connection, we briefly introduce relative
forms, and the relative exterior derivative. For more details of these, see [BGJ,
KT, and DK]. A relative k-form is a section of /\kL*. Let Q;(P) denote
the set of all relative k-forms. The relative exterior derivative d : Q;(P) —

Q?I(P) is defined as follows. Note that the vector bundle obtained by re-
stricting L* to a leaf £ € # is simply the cotangent bundle T°X of X. If
v is a relative form, we define the relative exterior derivative dgv of v to be
the ordinary exterior differential of v restricted on each leaf £. More pre-
cisely, if 1*: Qk(P) — ﬂ;(P) denotes the pull back of a k-form on P to a
relative k-form, the relative exterior derivative d is defined by the following
commutative diagram:

QP —— ak(p)

/| J«

QkH(P) " Q?I(P)

Definition 3.7. For an arbitrary vector bundle B — P, a partial connection \vad
on B is an R-linear map

(3.8) v?.I(B) —T(L" ®B)

satisfying the equation V? (fv) = fvio+ def ®v, for [ € C*(M), and
v € I'(B). The curvature R is a Hom(B, B)-valued relative 2-form defined
by R(X, Y)v= [Vi , Vﬁ]v— fo’),] v, where X, Y are tangential vector fields
and [ , ] denotes the commutator.

If v =(v") is alocal frame for B, there is a matrix valued 1-form w called
relative partial connection form, and a relative 2-form Q called the curvature
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matrix, determined by the conditions

(3.9) vVPo=-wev, Ro=-Q&v.

From this the equation Q =d w + @ A w follows.

3.10 Definition. The Bott partial connection on N* is a partial connection
defined by

(3.11) Vo= Z = i(X)dv

where X and v are tangential vector field and a section of N~ .

It can be easily checked that vV isa partial connection Moreover, the Bott
partial connection is flat since R(X,Y) =[Z}, Lo - Zy Y]v =0.

The Bott partial connection induces a partial connection v on the bundle
Q" defined by V%v = n(V;v) for X and v are tangential vector field and
a section of Q° where m: N° — Q" denotes the projection onto Q* (recall
N*=E*® Q" from (1.3)). We call V¢ the induced partial connection.

The partial connection v¥ has the following relation with the invariants II
and G. Let {6°} be alocal frame for Q. Then {6, n} is alocal frame for
N*, and the relative partial connection form w = (w ) of vV is determined
by the equation:

N (6% Wy o, ((9’i )
3.12 \Y = - ® .
312 ( n ) (w;“ 0 ) n
Note that w:ﬂ =0 since Vin=®(X)eI(Q"), for X eI'(L) is a section of
Q" . Clearly, (w;) is the relative connection form for V. Since the curvature
of the Bott connection vanishes, the relative connection form (w:.) satisfies the

equation

Wy o), [ wf? .,
(3.13) 47<w;ﬁ1 0+)+(w,,1, 0* )A(w"“ 0+ =0.

Expansion of equation (3.13) yields tile following identiges:
(3.14) dgwﬂ+w /\a)ﬂ+wn+l/\w2+1 =0,
(3.15) d7w l+w /\a)n+l 0,

(3.16) dywy’ + )" Aw) =0,

(3.17) o AW, =0.

3.18 Lemma. The relative 1-forms w"+I constitute a local frame for L* .

Proof. Let X_ be the local frame for L determined by the equatlon dX) =

—6°. The independence of w"“ follows from the fact that a) is a dual
coframe of X :

0" = —d(X,) = —i(X,)dn =~V n= w;“(X) o

The invariants I1 and G car be expressed as follows.
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3.19 Proposition. There is a symmetric matrix valued function (ca'g ) such that
the identities

(3.20) n=-c""" 9wy,
1 af ay B By «a n+1 n+1
(3.21) G=§{dyc to'w, +cw,}Rw, ®wy

are satisfied.
Proof. From equation (3.17), and since wg“ are linearly independent, it fol-

*# such that o®,, =

lows that there is a symmetric matrix valued function ¢ il

caﬂ wn+1
(1) Equation (3.20) is a consequence of the calculation
N
(X, Xp) = ~{Z F my(X,) = —{Vy (-0;" (X,)0")}(X,)

= {vﬁaoﬂ}(x,’) =,

(ii) We prove the equation (3.21) by computing G(X_, X > X,) using the
invariant definition of G given by the formula (3.5). To do this, we first com-
pute

(4, % L MX,) = {Vy V3 Vi 1}(X,) = ~{Vy V3 0'}(X,)
= (V3 (@) (X,)60° + @], (X )m}(X,)
= ~w,(X,) 0y, (Xp) + (T (" M}(X,)

n+1
—" Wl (X,) + Xy
Using this and the identity X _(IT(X 5> X)) = Xacﬂ ” yields the formula

G(X,, X, X,) = %{Xacﬂy + 0 (X)) + Wl (X)), D

3.22 The canonical affine connection on leaves. Recall that the leaves of a
Lagrangian foliation have a natural flat affine structure [W]. In the case of
Legendre foliations, there is a natural affine connection on leaves, which is
flat precisely when IT=0.

To define it, proceed as follows. Let vl denote the partial connection on
L obtained from the induced connection by identifying L with Q* by the
vector bundle isomorphism ®: L — Q" . More precisely, v’ is defined by the
formula

ViY =@ o veod(Y).

The partial connection V* induces an ordinary affine connection on the leaf
2. Let X and Y be vector fields on X supported on a appropriately small
neighborhood of a point in X. Without loss of generality, we may assume that
X and Y extend to tangential vector fields X and ¥ on P. Recall that the
restriction of the bundle L* to X is 7"X. Similarly, we have Lys=TEX. The
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affine connection on X is defined by the restriction to X of V’;)N’. It is not
difficult to check that it is well-defined and independent of the choice of the
extensions X and Y.

3.23 Proposition. The partial connection v is torsion free and has curvature
(3.24) R'X,Y)Z=T(X,2)Y-TIY, Z)X
for tangential vector fields X, Y, and Z on P. In particular, if 11 = O then

RY =0, and the canonical connection on each leaf is torsion free and flat.

Proof. To prove that v’ is torsion free, we need to show V/L\,Y - Vf,X -
[X, Y] = 0. Recall that ng = n(Vf;,'v) where n: E*® Q° — Q" is the
projection.

viY =@ ' {(Vo(Y)} =0 {(VEVIny = @ Ha (VIV}
=0~ {m(VyVyn+ Viy 1)}
= o {VE¢D(X)} + D {D([X, Y])} = VoX +[X, Y].

To prove the identity (3.24), it suffices to check it in the special case X =
X,, Y= Xﬂ ,and Z = X,, where (X,) is the local frame for L such that

®(X )= —0°. (See the proof of Lemma 3.18.)
a

L L gl L
R(X,, X5)X, = [V » Vxﬂ]X«/ - V[xn,x,,]X

7

= -0 (V5 . V510 -V 1 ,07)

n
=Y {dywl + ) ANWJ}(X,, Xp) X, .
o=1
But, from the equation (3.14), {dsw, + ) A W’ H X, Xy) = c’ﬂéf; - cyaéf.
Therefore,

L ya 7
RYX,. X)X, =X, - "X, =T(X,, X)X, ~T(X,, X)X,. O

4. FLAT LEGENDRE FOLIATIONS

The simplest class of Legendre foliations is characterized by the vanishing
of TI. Such Legendre foliations are called flat, and a result analogous to the
Weinstein’s [W] on Lagrangian foliations holds:

4.1 Theorem. Let ¥ be a flat Legendre foliationon (P.n), and p € P. Then
there are coordinates (x',y’) around p such that

n
(4.2) n=dx""" + Z y*dx",

a=1
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and the foliation is locally defined by x' = constant. Consequently, all flat
Legendre foliations are locally equivalent. Moreover, leaves of & have a natural
flat affine structure.
Proof. Note that, if II = 0, then the canonical affine connection on leaves is
torsion free and flat by Proposition 3.23, and hence, the leaves of ¥ have a
natural flat affine structure.

To show the existence of the coordinates satisfying the identity (4.2), use the
normal form theorem to identify % locally with its normal form %, defined on
SpM C T"M . Then, II can be expressed as the restriction to L of F, 4 7' ®dy’

(see (3.2)) where ()‘ci , )7j ) are coordinates on T*M induced from coordinates
(x') on M. .
First, we claim that F;, = 0 on T*M and, consequently, F =s,(x)y' for

some functions s,(X) dependlng only upon x . This can be seen from the
condition IT=0 and the fact that F is of homogeneous degree 1. For observe
that, the condition II = 0 implies

(4.3) {F,dy' ®dy'}(X,Y)=0

for tangential vector fields X, Y (ie. dF(X) = dF(Y) = dx'(X) = dx'(¥) =
0). Note that from the homogeniety condition on F, we have F, y'=F, and

by differentiating this, we obtain F = 0. We now want to prove equation
(4.3) for arbitrary X, Y. It sufﬁces to show this for the special case when
X=y'aip,- smcea’F(y"")_Fy'— =1#0on S;M:

N i a N, i
a0 as' (355 ) =1, =0
for an arbitrary vector field Y.

To show the existence of coordinates satisfying (4.2), recall that we have

F =5, y for some smooth funcuons s; depending only on x'. ConS1der a

vector field on R""' defined by s, 3 . Since the vector ﬁeld $; % a defines a
1 dlmenswnal foliation, we can find coordmate functions x' on R"*! such that
9 _ _ ax’ _ si
Si 5 37“ and dx* (Sza ;) =0 for a=1, .., n. Clearly then Sia‘ Oppy-

We claim that the coordinates (x',’) on T ]R"+l induced by (x') satisfiy

(4.2). To prove this, it sufﬁces to show that F = »""" since 7 is a restriction of

(= Z"“ y'dx'. Note that y' and y' are related by the relatlon Z:'+ll y' g;, =

¥’ . Thus, if we rewrite F in terms of (x', '), F = 5,9 = Z:”le 8y g’; =
Zn+1y 51 _ n+l 0

+1

S. NONDEGENERATE LEGENDRE FOLIATIONS

Legendre foliations with nondegenerate II are called nondegenerate. For
such foliations, we apply Cartan’s method of equivalence to obtain a set of
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local invariants. We begin by showing that there is a canonical reduction of
the structure group of P to the orthogonal group O(p, q) where (p, q) is
the signature of II. Then, we show that there is a canonical connection on P
characterized by certain properties. Its torsion and curvature form a set of local
invariants for the foliation.

The study of nondegenerate Legendre foliations is a generalization of Chern’s
work on Finsler spaces [C]. In fact, we show that a Legendre foliation is locally
equivalent to one of the form %, with F a Finsler metric precisely when II is
positive definite. In [C], it is proved that F is a norm induced by a Riemannian
metric if and only if G vanishes. As a result of the normal form theorem, we
show that every Legendre foliation % with positive definite II and vanishing
G is locally equivalent to one of the form &, with F the norm of a Rie-
mannian metric. In this case, # is called a Riemannian (pseudo-Riemannian
if IT is nondegenerate) Legendre foliation.

We conclude this section by showing that there is a natural almost CR-
structure on P resulting from the reduction of the structure group.

5.1 Reduction of structure group. To describe the canonical group reduction,
introduce a symmetric 2-form I on P. To do this, define a tensor field A €
I[(T°P® L) as follows. Let ®": TP — L* be the vector bundle map defined
by the equation ®*(X) = {i(X)d'?}|L for a vector field X on P. From the
nondegeneracy of I, we obtain a natural isomorphism h: L — L* defined by
the relation {h(Y)}(Z) =II(Y, Z) for Y, Z tangent to ¥ . The canonical
tensor field A is then defined by the composition of bundle maps

(5.2) TP L TP

From this, we obtain the relation

(5.3) INAX), Y)=dn(X,7Y)

for Y tangent to & . The symmetric 2-form I is defined by the formula
IM=ATI.

5.4 Theorem. There exist a canonical set of coframes, (0°,n,&") on P de-
termined by the conditions

(1) 6°eT(Q"),

(2) dn=3,,0°nE",

(3) M=¢,0°®0,

4) K M=-4,,0°0 -4, 6",

I, 0

where € = (g,5) = ( 4 —l,,) ,and (p, q) is the signature of 11.

We will call (6%, n, &%) a normalized coframe. Before we prove the theorem,
we need the following lemma:
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5.5 Lemma. The set of n x n matrices gl(n,R) can be decomposed as
L

gl(n,R) =o(p,q)®0(p,q),
where o(p, q)l = {a cglin,R)|a—ed'e= O}.
Proof. Note that any element a € gl/(n,R) can be written as a =
1(a—ea'e) + §(a + ea'e). From direct computation, it can be easily checked
that 1(a —ea'e) € o(p, q) and i(a+ea'e) € o(p, g)* . Also, it is clear that
o(p,q)no(p, q)l = 0, and thus, we have the decomposition. 0O
Remark. We will often use the fact that a € o(p, q)l if and only if ea is
symmetric, and a € o(p, q) if and only if ea is skew-symmetric.

Proof of Theorem 5.4. First, choose a frame X € I'(L) such that TI(X , X p) =
¢, andlet 6% = —®(X,). Then, let &* be 1-forms such that dn = S,p 6> nEF .

(The existence of such & can be checked by using the coordinate functions
(x',y’) in the normal form theorem.) Note that &*(X 3) = Jg since 6% =
~®(X,) = —i(X,)dn =35, E(X,) 0.

To define & satisfying (2)-(4), consider the following. Note that n, 6% de-
fines an involutive distribution L. By the Frobenius Theorem and the computa-
tion d6%(X,, X,) = {i(X;)d0°}(X,) = —{_E”Xﬁ(l)(Xa)}(Xn) = —{%p%oﬂ}(x,,)
=II(X, X,) =¢,5, the exterior derivative of 6% can be written in the form
(5.6) do® = 0" Ny —e5nné
where ¢, denotes 6”875. Let (Hgn + ty) is the o(p, g)*-component of
(é;) with respect to the decomposition gl(n, R) =o(p, q) ® o(p, q)l where
1; =0 mod 6%, &°.

We claim that &% can be chosen so that Hg = 0. More specifically, define
& =& 4 s; Hyﬂ 6” . Then, if we let a‘; = ﬁ; - H;n , We can rewrite equation
(5.6) as
(5.7) do® = 6 naj —egn e’

(i) We show identity (2) as follows: Since &5 H? is symmetric a, 7,
By

_ a 2B & B B po v _ a B
(5.8) dn=20,,0 NS =6,50 N —e, (H O N0 =6,,0 AE".
(i1) To prove (3), it suffices to show that A*¢® = &g 6* since M is the

restriction to L of €, & ® &P . Using the identity (5.3),
g5 (A7) (X) = £5 & (A(X)) = TI(A(X), X,) = dn(X, X,) = 6°(X).

a

(i11) To prove (4), note that a‘/’, —Tg isan o(p, q)-valued 1-form and r‘; =0

mod 6%, & . If we rewrite the identity (5.7) as d6° = —(ag — T5) A 6* — 8; nA

&b - r‘; A 6%, we have Zx 07 =i(X,)do% = —(aj - z‘;)(x,,)eﬂ —sz &# . Using



436 MYUNG-YULL PANG

this and the fact that aj — 7} is an o(p, g)-valued 1-form,
HH=2 (6,000 =6, (% 6 €6 +0"0 (% 0')
_ o B a B
= —5,800" -5 000 . O

It can be easily seen that the normalized coframes in Theorem 5.4 satisfy the
transformation rule of the form

0= 450", q=n, (4" =&,  where (45) €0, q).
In particular, there is a canonical splitting of the short exact sequence
0— Q" — Ann(Xn) —L"—0

defined by a map from L* to Ann(X,) sending {I“L to ¢. Equivalently, there
is a canonical decomposition TP = E*®Q*@®L" where L" is spanned by & .
Also, we have TP =N® L =E ® Q@& L where E is the line bundle spanned
by X,, N = Ann(L"), and Q = Ann(n) N Ann(L"). With respect to this
decomposition, /\k L" can be regarded as subbundle of the bundle /\k T°P,
and IT and G are symmetric forms on P:

M=c¢, 0 and G=G, 0 0l

5.9 The canonical connection on P. Nondegenerate Legendre foliations have a
canonical connection characterized by the properties in the following theorem.

5.10 Theorem. There is unique connection V on P such that
(1) Vi = V(dn) = VIl = VII = V() = 0,
n

(2) The torsion T of V has vanishing component in Q ® (/\ZN*) and
L®(A\'L").

Remark. To show the existence of V, we explicitly give a formula for V using
Lie derivatives. This formula is analogous to an expression of the Levi-Civita
connection on a Riemannian manifold (M, g) written as follows: V,v =
Hi(X)(dv +.Z,.-g)} where v” is the vector field determined by the condition
g™, Y)=wv(Y) forall Y where X and v are a vector field and a 1-form on
M . It can be easily checked that this formula defines a well-defined connection
on M, and that it is the Levi-Civita connection.

Proof of Theorem 5.10. Define the natural connection V on P as follows: Let
v eI (Q") and X be a vector field on P. Since I is nondegenerate on Q, v
determines a unique section v* of Q by fl(v* ,Y)=v(Y) forall Y eI'(Q).
Now, let

(5.11) VU= %n{i(X)(dv +.Z. 1)}

where 7: T*P — Q" is the projection onto Q with respect to the canonical
decomposition of T*P described above. To extend V to T P, define V,v
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for v € T(E") and v € (L") as follows. If v € [(E™), let V,v =0. To
define Vv for v € (L"), note that ker(A) = E®L and hence the dual bundle
map A° of A maps L™ isomorphically onto Q*. Let V,v = A v YAv}.
We claim that this is the connection on P satisfying the properties (1)-(2) in
Theorem 5.10.

To prove the theorem, we must show (i) that V is a well-defined connec-
tion on P, (ii) that V satisfies the condition (1), (iii) that the 0 ® (/\2 N™)-
component of T vanishes, (iv) that the L®(/\2 L™)-component of T vanishes,
and (v) the uniqueness of such connection.

(i) To show that V is well-defined, it suffices to show that the identity (5.11)
defines a well-defined connection on Q*. Clearly, V xV 1is linear in X and
hence we only need prove that V, isa derivation. From direct computation, we

have % .0% = 6°(v")df + fZ,-0" . Thus, using the identity = €,50°® 6%,
we obtain i(X).Z,-I1 = (X f)v + v(X)df + fi(X)Z,-II. Substituting this to
the identity (5_.1 1), proves that V, is a derivation:
. 1. ~
Vyfv= En{z(X)(d(fv) +.<va.11)} =XNv+fVyv.

(i1) To prove property (1), we will show that there is an o(p, g)-valued 1-
form (n3) such that
(5.12) Vo' =-n500”, v =@)ed.

where (6%, n, &%) is the normalized coframe in Theorem 5.4. From this, prop-
erty (1) easily follows. For instance,

Vydn =V, (8,,60° A&
=0,y 1 (X) 0" A& — 5,50 A {(x'))(X) &'} = 0.
Other properties can be proved similarly.

To construct ”; and prove property (2), it is convenient to consider the
following formula, which will simplify the computation: Let w._, X,’ ,and X

be the dual frame of 6%, 5, and &%, then (6%)" = ¢*' W, and (V,6°)(Y) =
Hdo* (X, Y)+e™ &, (¢,,0°®6”)(X, Y)} from (5.11). From this, we obtain
the formula

a 1 a av ag
(5.13) (V0 )(Y) = E{dB (X, Y)-e do" (X, W)e,, 6”(Y)

+¢,,0°(X)e™ dO”(W,, Y)}.

Letting Y = Wy in (5.13), we obtain the formula for (n;)
(5.14) 75(X) = ~(V 4 60°) (W) \

= ‘%{da“(X L W)~ € do° (X, W,)e, )

1

+ iaap()”(X){sa" do’(w,, Wp)}.
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Recall that a € g/(n, R) isin o(p, q) if and only if ea is skew-symmetric.
Hence, it follows that the last two terms in (5.14) are o(p, q)-valued as matrices
in a, #, and therefore, so is ”Z . Also, it can be directly computed that A*¢® =
8; 6%, and
a *, —1 * L a } a
V&= ()Y = eyl (X)) &7 = (n)5(X) &

(ii1) To prove that T has vanishing component in Q ® (/\2 N*), we need to
show
(5.15) 6°{T(X,Y)} =do%(X,Y)— (V,0°)(Y)+ (V,6%)(X) =0.

for X, Y are sections of N. But this can be easily seen by considering the
skew symmetric part in X, Y of the formula (5.13).
(iv) To prove that T has vanishing L®( /\2 L™)-component, we need to show

(5.16)  &{T(X,, X))} =d&"(Xy, X,) = (1)](X,) + (x)5(X,) = 0.
The proof of this makes use of the following three identities. First, let X = X )
Y =W, and substitute (5.7) in the formula (5.13). Then
a a l «a v
(5.17) Ty(X,) = —(Vy 0°) (W) = 5{ay(X,) — & &, a,(X,)}.

We obtain the second identity from 0 = d’n = s,,d0° NE¥ =6, 07 ndE” .
From this and the identity (5.7), 4, a; NE ANOP =6, dE° A6”. Applying
interior evaluation with X; AX AW, on both sides of this identity, we obtain
an identity

(5.18) 2 (X, X,) = 31l (X,) —al(X,)}

To obtain the last identity, note that d6’ (X 5> X,) = 0 from the involutivity
of L. Differentiating this by % ,
n

0=% {e,d0°(Xy, X,)}
= sZ{(,‘Zx”dea) (X, X,) + de"(,S”X"Xﬂ LX) +d0 (X, K X))}
Using (5.7) and n(,?;(”Xﬂ) =0, we compute
d6"(.€’xﬂXﬂ, X,) = 9“(%”)(1,)513()(7) =&y aZ(X,/)(,S,‘”qu(?”) (X4, X,)
=d{i(X,)d6°}(X,, X,) = —¢, d&’(Xy, X,).
Hence, the last identity follows:

1 « l [e3 x
(5.19) §d¢ (Xg. X,) = 5{e; epa(X,) - ¢, ey a) (X))
Adding (5.18) and (5.19), we obtain an expression for d¢"(X,, X,) in terms
of a;;. The identity (5.16) can be checked by direct computation using this
expression and equation (5.17).
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(v) For uniqueness, suppose that V is another such connection satisfying
conditions (1) and (2). Then 0=V ,{dn - % I} = V{3, , 6" ® ¢’} which
n
implies that V has connection form ﬁ; such that V#® = ~; ® 6® , and
VE = (it')‘; ® &# . Moreover, it can be easily checked that VII = 0 implies
that ft; is an o(p, q)-valued 1-form. Now, since the torsions T and T have
vanishing Q ® (A2N"*)-component, we have
0°{T(X, Y)} =d6°(X, Y) +7;(X)6"(Y) - m;(Y)6"(X) =0,
6 {T(X, YY)} =do*(X,Y) + 7,(X)0"(Y) - #,(Y)6"(X) =0,
where X, Y are sections of N. By letting X = X” and comparing both equa-
tions, we obtain 7,(X,) = #4(X,). If welet X =W, and Y =W, it follows
that nZ(Wa)—ir;(Wa) is symmetric in p, ¢ by comparing both equations again.
But, since 7y, and 7y are o(p, g)-valued 1-forms, sﬂa{n;(WU) - ﬁ;’,’(Wa)}
vanishes since it is symmetric in p, g, and skew symmetric in S, p. It fol-
lows that ng , and izg coincide in the direction of Ann(L"). A similar argu-

ment using the fact that both T and T have vanishing L® (/\2 L")-component
(identity (5.16)) shows that 7; and 7, coincide in the directionof L. O

5.20 Theorem. 6“, n, &%, and ng satisfy the first structure equations

dg° 7 0 0 6°
dg° 0 0 —(n);) \¢&

—egnnE +G° g5 08 NE
+ 8,,0” NE :
a B Y a B o B b4
K ﬂye N} +Sﬂr7/\9 +Q ,,70 ANE
where Q°, = Qﬂa}, and K®; =—-K® ;. (G%j denotes 0% G,p,-)
Proof. The first equation comes from the identity (5.7): If we let a‘; - ng =
a y a y
¢ Byo +D ﬂyé >
a a B a B a B Y a B 4
(5.22) deo _—n,,/\e —aﬂn/\é +Cﬂy0 NG +D7,, 07 NE.
By substituting this into (5.15), and letting X = W ,Y = WB’ we obtain
c® 3, = 0. Therefore, a; = n; + D° 8y &’ and by substituting this into the

identity (5.17), we can check that D°
for fixed y.

We claim D gy = s; G"W . To do this, we use the formula for G given in
Proposition 3.19. Using equation (5.22) above, we compute V X, 0° = .?}y 0* =

. is o(p, q)l-valued as a matrix in «, f§

—{n§(X,)+ D%} 0 —e5n. Thus ¢ =& and G, is the symmetric part

of ¢ wh(X,) in B,7. Since wh(X,)0” = {nh(X,)+D’ }6” and D’ is
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o(p, q)L-valued in 8,p, Gaﬂy = stﬂm. From this and the symmetry of

G, 8y the claim follows.

We complete the proof by showing that the coefficients of éﬁ AE" and g /\éli
in dé* — (n')z A {ﬂ vanish. The vanishing of the coefficient of é’g AE” follows

from the identity (5.16). The vanishing of the coefficient of 7 A éﬂ and the
symmetry condition on Q“ g, can be shown by evaluating both sides of 0 =

d’0 =0, (d0° NP — 6° NdE”) by X, AX, AW, and W,AW,AX,. O
Recall that G =G, &" @&’ @& .

5.23 Proposition. The invariant G satisfies the identity
B v a o p
Vx,G=—8,8,0p,¢ ®C B¢

Moreover, Q* gy Isan o(p, q)l-valued function as a matrixin o,y and B, y.
In particular, if G =0, then Q"ﬂy =0.

Proof. This follows from the evaluation of both sides of d*6* =0 by W_A
X, A X,. For simplicity, let us denote uy = e;G°, 6? . Also, let 6 = (6%),
E=(&, n= (n;) ,and g = (u3). Then, from the structure equation (5.21),

dO = —n A0 — (eMAE+UNE, dE=n' NE+K,

where k = (k) = Kaﬂy 0% A6 + S; nn6f+ Qaﬂy 6% A& . Now compute the
exterior derivative of the first equation:

O=d20=—dn/\0+7t/\d0—d(sn—u)/\é+(en—u)/\d€
= —(dn+aAr)ANO—nA(en—u)ANE—d(en—u)AE

F(en—p) AT AE+(en —p) AK

—(drn+rnAR)ANO+(en—p)AK

—{d(en— )+ 7 A (en — p) — (en — W) AT} AL.

But, since m is an o(p, q)-valued 1-form, we have 7 A (en) — (en) A n=0.
Applying interior evaluation with W_ A X,7 ANX , to both sides of the equation
above, we obtain
(5.24) {dm+=nA n}j(x,,, X,)

= {d/t+7t/\/l—/t/\7tt}Z(Wa, Xn)—{azxﬂ}(Wa, X,).

Observe that the left-hand side of this identity is o(p, g)-valued regarded as
matrices in a, 0. We claim that and the right-hand side is o(p, q)l-valued in
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a, 0, and hence it vanishes. From direct computation, we obtain
tya
{du+manpu—unn}, (W,,X,)
= =6, (X,G",,) — €6, () (X,)

n
=S LX) + 68 X)),

y=1
Note that terms on the right-hand side of this equation are components of
o(p, q)*-valued matrices in a, 6. Also, note the formula —{s;xﬂ HUZS. ¢ )
= —8;Qﬁap. Since Qﬂap is symmetric in §, o, —{sgkﬂ}(Wa, X,) is an
o(p, q)"'-valued function in «, g for each fixed p, and thus we have proved
the claim. Therefore, the right-hand side of the identity (5.24) vanishes. From
this, we obtain the formula

—eb e 0y, = (X,G,,,) + Gy, (1)E(X,)

+Gop,(m)0(X,) + Gy (1)0(X,),

and this proves the proposition. Finally, note that the right-hand side of this

. . .. a . L
equation is symmetric in all of «, 6, and p. Therefore, Q gy isan o(p,q)
valued function regarded as matrices in «, y for fixed f,and in B, y for each
fixed a. O

5.25 II as a pseudo-Riemannian metric on leaves. If .# is nondegenerate, the
leaves of # have a canonical pseudo-Riemannian metric given by the restriction
of IT. Recall that each leaf of # has a canonical affine connection (§3.22).
Similarly, consider the Levi-Civita connection of this pseudo-Riemannian on
the leaves. In fact, this connection is the restriction of V to the leaves since
the torsion of V has L® (/\2L')-vanishing component and V I =0. We will
show that the curvature of the Levi-Civita connection can be expressed in terms
of the invariant G. As a corollary, in the special case when % is Riemannian,
the canonical Riemannian metric has positive constant sectional curvature.

To obtain the curvature of the Levi-Civita connection, we compute the cur-
vature of V in directions tangent to & :

5.26 Proposition. If Q} =d ny + 7, A n; . Is the curvature matrix of V,
Q) = £,,0,8" A+ (D' YA (D’ &) mod (67, 1)
where D* gy = s; G"W . If I1 is positive definite and G = 0, then the canonical

Levi-Civita connection on leaves has the curvature matrix %{65 6;' - 6f a;} EPA

&%, and hence, the leaves of F have Riemannian metrics of constant sectional
curvature 1.

Proof. From the structure equation (5.21), we have

wh(X,) = ~{V§ 0"}(Wj) = n3(X,) + D",
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Hence, as relative forms, we have w} = 7, + D%, & and

dywj; + w;' A w; = (477:; + 47(1)",,,/ &)

(5.27) o a p , y o
+(m, - D ,/pé )A(my =D 7).
On the other hand, from the identities (3.14) and w,_, = c*f wZ“ , we have
a a ¥ a 1 1 7
(5.28) dywﬁ +w, A w;; =—c yw;”' A w;+ = —sa,/é’ /\éﬂ.

(Note that ¢* = """ as relative forms since (£%) and (wZ”) are both dual

frames to (X,) where X € I'(L) are determined by the condition ®(X ) =
—60”.) Comparing the o(p, q)-component of (5.27) and (5.28), we obtain the
curvature matrix.

5.29 Examples of nondegenerate Legendre foliations. In the normal form theo-
rem, we proved that any Legendre foliation is locally equivalent to one of the
form .. We study Legendre foliations &, when (i) F is a Finsler metric
and (ii) F is the norm induced by a Riemannian metric on M . For a Rie-
mannian manifold (M, g), we denote 3‘; and 7 R for the Riemannian
Legendre foliation and the contact 1-form on the unit cotangent bundle S;M
of M.

A Finsler metric F: T°M — R U{0} is a positively homogeneous function
(i.e. F(tv) =tF(v) for t > 0) satisfying the triangle inequality F(v, +v,) <
F(v,) + F(v,) . It can be shown that the triangle inequality is equivalent to the
convexity of the function F 2 , and this is again equivalent to the condition that
(F?) ;; be positive definite on T"M . (See [Sp].)

5.30 Proposition. A Legendre foliation % is locally equivalent to one of the
form Z. with F Finsler metric if and only if Tl is positive definite.

Proof. Note that, since F is homogeneous, F = Eyi. By differentiating this
again, we obtain Fij y' = 0, and hence restricted to fibers of T°M, dF =

ITidyi. Also, on fibers of S;M, we have F = 1 and 0 = dF = Edyi.
Therefore,

(5.31) %(Fz)[jdyi®dyj = {FF +FF}dy' ®dy = F,dy' ®dy =11

From this, it is clear that, if F is a Finsler metric, then II is positive definite.

Conversely, if II is positive definite, # is locally equivalent to its normal
form %, with (F?), ;dy' ®dy’ positive definite, and thus F is a Finsler met-
ric. O

5.32 Proposition. A nondegenerate Legendre foliation ¥ is pseudo-Riemann-
ian ifand only if G = 0. If the nondegeneracy condition is replaced by the condi-
tion that 11 is positive definite, the pseudo-Riemannian metric is a Riemannian
metric.
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Proof. By the Normal Form Theorem 2.5, we may assume that % is of the
form .. We claim that

(5.33) G-= % (F?), dv' @ dy’ ® dy" .

The proof of this can be directly checked using the the following facts: % (F 2) ik
=F, F;+ FF, + F . F;; +FFJk andde —a’F OonSM

If ¥ is Rlemanman, then F?= = g,(x) y y , for a metric g, depending
only upon x = (x'), and it follows that (F?),, =0 and G =0.

Conversely, if G = 0 and II is nondegenerate, (F 2) ik d yi®dyj ®dyk = O in
the direction tangent to .7 . Thus it suffices to show that (F ), ik dy' ®@dy’ ®
dy = 0 in the direction of y , , which is transversal to the hypersurface
{F = constant} . (See the proof of Theorem 4.1.) Recall that we have F; yi =
F and F;; yj 0. By differentiating this with respect to yk we obtain
Fijy y = F . Following computatlon shows that (F ), kdy ®dy’ ®a’y =0

]
vanishes in the direction of ' ay' :

1, 2 k
E(F )ijky ={Fiij+F F+F F, +FFk}y

= F,F+FF,, y=F,F-F,F=0.

Therefore, (Fz)ijk dy'®dy’ ®dy* =0 and (Fz)ijk =0. Since F? islocally a
homogeneous function of degree 2, it follows that F 2= 8;;(x) y'y’ for some

(&; j(x)) depending only upon x = (xi). From the identity (5.31), we can see
that the matrix g, ; is nondegenerate (resp. positive definite) if and only if II
is nondegenerate (resp. positive definite). 0O

The local structure of 92, determines the Riemannian metric g uniquely.
More precisely, if 9;, is equivalent to the Legendre foliation 9; obtained from
a Riemannian manifold (H , &), then (M, g) and (117 , &) are isometric.

5.34 Proposition. Let ¢: S*M — S*M be a diffeomorphism such that ¢* M,
n, and ¢'<97£, = %. Then there is an isometry ¢,: M — M such that ¢ =
(¢g) "' S"M .

Proof. The existence of ¢, with the property ¢ = (¢6)_1 follows from Corol-

lary 2.6. Clearly, the map ¢, is an isometry since it preserves unit length (i.e.
¢, maps S"M onto S*M). O

The local structure of a Riemannian Legendre foliation 5‘; can be explicitly

described in terms of an orthonormal coframe as follows. Let v = (vi) be a
local orthonormal coframe defined on an openset U C M , and let ¢ = ((a;.) be
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the connection form for v. Then, the structure equations for the Riemannian
structure are

dv+9Av=0, do+ohp=Q,

_(lpi K N .
where , = (7R ;0" Av) is the curvature matrix.

To define 6, &%, consider the parametrization of T°U defined by the co-

frame v:
n+1

yiv; s,y , ...,y eUxR".
i=1
Then the contact 1-form can be written as 7 = Z:’: y'v'. We define 6° = A o'
where f = ( fj') is chosen to be an O(n + 1, R)-valued smooth function such

that fi")rl = yi defined on an open subset of S;U . Therefore, we have
(5.35) O=f, v=f"'®O, where8=<8”>.

We define & as follows. By applying the exterior derivative to the first
equation of (5.35), and using the identity dff V= —fdf !,
dO® =dfAv+fdo=dfA(f '©)—fp A(f'O)
= —f(df ' +pf ") AO.

Note that the matrix valued 1-form f(df g (pf_l) is skew-symmetric. If we

denote this by 7 = (n}) and let £* = 7" = —z® , we have

@ n+l1>?

de® ny =&\ [ 6*
5.36 =—( 5 ) ( ) )
(5.36) ( dn ) (é” 0 n
We claim that (6%, n, &%) is a normalized coframe for .9‘; , and n; is the

connection form for V defined in Theorem 5.10. In fact, this can be checked
by using the following structure equations.

5.37 Proposition. The coframe 6%, n, &% satisfies the following structure equa-
tions:

do° x5 0 0 (6 ~s5nAe
(5.38) dn) =10 0 o ]| n]|+| o0 |,
dé 0 0 7 &k (—fQ,, £y

n+1

(5.39) dy + 7 Ay =& A+ (1R, £7);.
Proof. The first two equations in (5.38) are immediate consequences of (5.36).
The rest of the equations follow from

dn+7t/\7z=fQMf_].
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To prove this, multiply f ' on both sides of 7 = f(df '+ of l) . Then we have
lon=df '+ q;f_l . By applying the exterior derivative on both sides of this,

df ' An+1dn = (do)t™ —pA(df)
=(—pAp+Q,)f ' —pA@Ef")
=—pAdf ' +of )+ Q, 1
—(pf YA+, f
From this, we obtain
fldn=—@f ' +of YA +Q 7 =1 aAn+Q, 1,
and (5.39) follows from this. O
5.40 Corollary. Let 975', be the Riemannian Legendre foliation defined on S;M ,

where (M , g) is a Riemannian manifold. Then the metric has constant sectional
curvature k if and only if K® g, =0 and S; = ZKJ; .

Proof. Comparing the equation (5.38) with the structure equation (5.25), it
can be easily checked that K* s, is the coefficient of 6? A 6" and SZ is the
coefficient of n A 6 in (—fQMf_')‘;+1 where Q, = (%Rijk, o* A vl) is the
curvature matrix for the metric g. ' o o

If g has constant sectional curvature k, then R’ = k(d,] —J,;d;) and

we have (Q,, )j. = k' Av’ . From this and the identity f~' = f', it follows that
(fﬂ ! o1 =K (f0)* A (fo)""! = k * A . This in turn implies the equations
K% =0 and S; =xdj.
Conversely, if K“ s, =0 and S; = xdg , then (fQ,, e
since

ool =k 0%An. But,

R y‘v AL, an
(R, 1 ),y = f7 Ry’ o ndf d
2K 6° /\r7=fo?ijiAvj=fo?(5,i§f—5,{6;)ijk/\vl.
ji ji
From these, we obtain f R"jk,y‘ = Kf“(diéj - 5"5")y' Note that this
identity holds even when o is replaced by n + 1 since both sides vanish.
Moreover, since R’ ki and x do not depend on y it follows that R

x (8.6 - 8l6)). o

5.41 Canonical CR-structures on P. A CR-structure on P is an n-dimensional
complex subbundle # of the complexified tangent bundle CTP of P satis-
fying # N#Z = {0} where the bar denotes the complex conjugation. A CR-
structure is called integrable if [# , #] C # (i.e. the set of smooth sections is
closed under the Lie bracket). It can be easily checked that the integrability of
the CR-structure is equivalent to condition that the ideal in the exterior algebra
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N(CT"P) generated by # 1= Ann(#) Cc CT"P is closed under the exterior
differentiation.

If # is nondegenerate, there is a canonical CR-structure on P defined by
the bundle # spanned by W —i sf Xp.

5.42 Proposition. The CR-structure defined by # = span(W, — isf Xp) oot
is integrable if and only if K* gy = 0. In particular, this CR-structure is integrable

if & is locally a Riemannian Legendre foliation obtained from a Riemannian
manifold with constant curvature (see Corollary 5.40).

Proof. Let 9" = 3(6° + is;éﬂ). Then the 1-forms 9° and 5 span #~, and
the integrability condition can be equivalently stated as
dn=dd8" =0 mod (n, 9.
To compute dd® and dn, note that the 1-forms 9%, 8%, and &° have the
following relations:

(5.43) 0" =9", & =-iggd" mod (y,0%,

From these relations and the structure equation (5.21), we have dn =4, ﬂﬁa A
& =00’ =0 mod (1,8%.
Also, using the structure equation (5.21), we compute d0” as follows:
1

d9" = —5(do" — icy d¢”)
(5.44) = %{—n;/\e'g—szn/\ﬁﬂ-l—Gaaye; 6" nETY

i (23 b ag (1 ¥
—isﬂ{(n)f/\éy+Kﬂy06’/\0 +SINAE +Q%, 07 AE Y.

Since Ga,/ , and QB v 8; are symmetric in y, p, we have
Ga”s; N -iG",, 8;8; A9’ =0 mod (7, 9%,

B 7oA 20 _ B 0 gV P _ 3
Q ., 0N =-0" ¢, 0N =0 mod (n,8").
Thus, from the equation (5.43), and the fact that en' = —me (recall that 7 is
an o(p, q)-valued 1-form),
sa l a ﬂ l a ﬂ V4 l a ﬂ Y g
dd =—§7Tﬂ/\0 +§7['88yé —EeﬂK WH A6
I () N S I apB g7, q0
= -7y A {5(0 - zeyé )} - EsﬂK Wﬁ AD
i i
2 2
modulo (n, 3%). From this, it follows that K® g, =0 if and only if d3* =0
mod (7, %) and the theorem is proved. O

_ a B a . f b o _ a B o7 o
=-ng AN —5g, K OTAD = —5eK OTA0
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In the special case when dim P = 5 and II is positive definite, a different
CR-structure can be defined as follows: Observe that in this case the canon-
ical reduction of structure group in Theorem 5.4 gives an O(2, R)-bundle of
frames over P. By choosing an orientation of this bundle, and using the fact
that SO(2,R) = U(1) = {¢" € C|t € R}, we define a complex structure
J: CAnn(n) — CAnn(n) by the multiplication of i. More precisely, we de-
fine J by the relations

W, =W,, JW,=-W,, JX =X

5, and JX,=-X

1°

and extend by linearity. The CR-structure -# on P is defined by the i-
eigenspace of J, or equivalently by the bundle spanned by W, — iW, and
X, —iX,.

1 2

5.45 Proposition. The CR-structure defined above is integrable if and only if

(5.46) G, =3G,, and G,,=3G,,.

Proof. Note that the 1-forms 9' = %(01 - i02) , 90 = %({' - iéz) ,and 7 span
#*. Hence, to prove the proposition, we need to show that the condition
(5.46) are equivalent to dd' =dd’ =dn =0 mod (n, ', 8%). To show this,
note that §' = ' , 6% = —ip' , é' =9 , and 52 = _i®*. Using the structure
equation (5.21), and the fact that n; and K"a p are skew-symmetric in a, B
the following can be shown by direct computation:

dn—e‘ AN+ A =0 A0 -0 A0 =0,
(5.47) 8" = LG, - 3G) + (G2, - 3G )} ' A O,

N — N —

1 2 1 1 2
(5.48) {(Q1, - 30y,) + (03, - 30,,)} 0" A D
modulo (7, 8", 8%). From this, it follows that the condition dd' = 4§’ =
dn = 0 implies the condition (5.46). To prove the converse, suppose that the
condition (5.46) holds. Recall from Proposition 5.23 that VG = —Qaﬂ), e
n

&# ® €7 . Thus, the following identity holds:

Qupy = ~Xy(Gopy) + ”p(x n) Gopy + ”Z(xn) Gopy + nf(XU) Gagp-

It can be directly computed using this identity that Q,,, = 3Q,,,, and Q,,, =

3Q,,,, and the condition dd' = do* = dn = 0 follows from the identities
(5.47) and (5.48). O

In the special case when # is the Riemannian Legendre foliation defined on
the unit cotangent bundle of a Riemannian manifold, this CR-structure coin-
cides with the one defined by LeBrun [LB]. In this case, the conditions (5.46) is
trivially satisfied because the invariant G vanishes, and thus the CR-structure
1s integrable by the previous proposition.
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6. GLOBAL RESULTS

In this section, we study the topology of Legendre foliations. The fundamen-
tal result of this section is that every simply connected and compact leaf of a
Legendre foliation & is diffeomorphic to a sphere. If all the leaves of ¥ are
compact and simply connected, & is globally equivalent to one of the form .7,
defined on a unit cotangent bundle with all fibers diffeomorphic to the spheres.
Under the additional condition that IT is nondegenerate, F is a Finsler metric.

6.1 Compact and simply connected leaves. To prove this, recall from the normal
form theorem that there is an immersion ¢,V — T (V)S) where V is a
neighborhood of a point in P such that the leaf space ¥/ of V isa manifold.
If the foliation & defines a quotient manifold over P, the map d)n can be
extended to P by the same construction:

¢, P~ T (P|F).

and each X € & is immersed into a fiber of T"(P/%) transversal to radial
lines under qﬁn.

From the theory of foliations, it can be shown that if X € & is a compact
and simply connected leaf, then there is a neighborhood V of X over which
the foliation restricted to V' defines a quotient manifold [L]. Consequently, if
all the leaves are simply connected and compact, P/ is a manifold.

6.2 Theorem. A compact and simply connected leaf of a Legendre foliation &
is diffeomorphic to a sphere.

Proof. The case n = 1 is trivial. When n > 1, consider the map d)n: V —
T"(V/F) defined as above. The map ¢, maps X into 7, (V/F)— {0} for
some x € (V/¥). Consider a unit cotangent bundle S*(V/¥) c T*(V/F)
with respect to some metric g on V/% . If we denote p for the radial projec-
tion from Tg (V/F) to ST(V/F), the composition map

(po )i T—S;(VIF)

is a local diffeomorphism since the map (¢>,’)|}-_: T - T; (V/S) is transversal
to the radial lines. Since X is compact, the map (p o ¢n)|2 is onto, and hence
it is a covering map of the sphere. From this, it follows that (p o <;S,7)|z is a
diffeomorphism since S;(V/? ) is simply connected. O

Under the condition that all the leaves are compact and simply connected,
the normal form theorem generalizes to a global theorem.

6.3 Corollary. If all the leaves of F are compact and simply connected, F s
globally equivalent to a Legendre foliation of the form .. Moreover, if & is
nondegenerate, F is a Finsler metric.

Proof. Since all the leaves are simply connected and compact, the leaf space
M = P/ of & isa manifold [L]. Thus, we can take V' = P and obtain the
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map ¢n: P — T*M as in the proof of the previous theorem. It is clear that
?, is injective since p o ¢,7 is injective. Moreover, ¢,’ is an embedding of P
into T*M since ¢>" = y on where y is a local diffeomorphism and #» is an
embedding. By defining Sy M = ¢,1(P) , we obtain the foliation &, . (See the
proof of the normal form theorem.)

We now show that, under the additional assumption that ¥ is nondegenerate
F is a Finsler metric by showing that (F 2) ij is positive definite (see the identity
(5.31)). But, since fibers of S, M are connected, it suffices to show this at some
point in v, € T, M for each x € M . We claim that if we take v, € T, M such

that ||v,| = sup{||v|||F(v) = 1, v € T, M} where || v ||= E”“( 2, then
(F 2)U(vo) is positive definite. To show this, let (ui) € R™', and choose a

curve y: R — T‘M tangent to % such that y(0) = v, and 577“:0 =u 6Ly“
Then, if we let a(t) = ||v,|| 2F? () =Iv( t)|| then a(0) =0 and a(v) > 0 for

v E TXM . Thus a(t) has a Iocal minimum at 0, and. Z—ig (0) > 0. Therefore,
we have

loll*(F?),, ' u’ 6,4’ >0,
at v,, and from this, it follows that (F 2)1'1(”0) du>0. o

Theorem 6.2 can be further generalized to the case when a compact leaf has
finite fundamental group.

6.4 Theorem. A compact leaf of & with finite fundamental group is diffeomor-
phic to a quotient of a sphere.

The proof of this makes use of the following theeorem [L]:

Reeb Stability Theorem. Suppose that X is a compact leaf of the foliation F ,
and p: Z — X is the universal covering map. If the fundamental group of X is
finite, then there is a neighborhood V of X, and a finite covering map

p: B« v
such that f’|{0}xf

tion map n: B"™' x £ — B""' defined by n(x,y) = x, where B"*" is a open
unit ball.

=p, and p*(F) is the foliation defined by fibers of the projec-

Proof of Theorem 6.4. On B™' x %, we define a contact structure and
Legendre foliation by p*n and p*% . Since I has finite fundamental group
and compact, T is compact leaf of p*.% . From Theorem 6.2, it follows that
X is diffeomorphic to the sphere. O

The following example is the construction of a compact leaf diffeomorphic
to the quotient of a sphere from the unit cotangent bundle of a Riemannian
manifold.
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Example 6.5. Let G be a finite subgroup of O(n+ 1, R) acting on R™! . Also,
we assume that all the elements, except the identity I, has only one fixed point
0. For example, we can take G = {£I} C O(n + 1, R). Since each element
of G preserves the canonical flat metric on R™*', we can define a right group
action of G on S*R™' by v-4 = A*(v) where v € S'R""', 4 € G, and

A*: T'R"™' — T*R™' is the pull back of the derivative 4, of the map

A: R™' - R™!'. With respect to the standard coordinates on 7T*R™"', we

express this group action as
(x',y) 4= (4, x*, Aiyk), where (x', ) e 'R c T*R".

From this and the assumption that 4 # I has no fixed point other than 0, it
follows that 4 has no fixed point on S*R™!, Therefore, since G is finite,
we can define a quotient manifold P = S*R""'/G of $*R™' with the natural
projection 7,: S*R™!' - $*R"*'/G . Note that, since 4*: S*R™"' — §*R""!
preserves the contact 1-form and fibers of S*R"*', one can define the contact
1-form and the Legendre foliation # on P induced from the contact 1-form
and fibers of S*R"*'.

Observe that 0 € R™"' is the only fixed point under the action of elements
of G different from I. Thus, Sg R™ = n_'(O) is diffeomorphically mapped
onto itself under the action of 4. If we let X, = n,(S;R""'), then I, is a
compact leaf of # diffeomorphic to a quotient of a sphere. In the special case
is when G = {+I}, we have X, =RP".

However, not every compact leaf of a Legendre foliation is diffefomorphic to
the quotient of a sphere, as the following example shows:

Example 6.6. Consider the Legendre foliation on S;R"“ with F defined by
F = y"+1 . Then, the contact 1-form can be written as
n
n=dx"" + Zy“dx“,
a=1

. ' 1
and (x', y") are coordinates on S;R""

G C Gl(n+ 1, R) defined by

o-{(4 1)

n+1

Now, we consider the subgroup

seZ"}T—:Z".

The group G acts on R as matrix multiplication on the left. As in the
previous example, we obtain a right group action of G on S;;]R'Hl defined by
v.A = A" (v). Clearly the fibers are mapped onto fibers under this action. We
claim that n remains fixed. To see this, write the group action in terms of

coordinates:
x* x“
(x"“) “A= (—sﬂxﬂ +x"+l)
y° y* + s,

I}
—
<2 M: =

R+ R
—
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The claim follows from the following computation:

n n
dx" + > yhdx" = @x""' —s dx®)+ Y (" +s,)dx”
a=1 . a=1
=dx"" 4+ > ytdx".
a=1
It is not difficult to see that, if 4 € G and 4 # I, A has no fixed point.
Moreover, this group action on S;;]R{"+l is discrete. Hence, following the same
argument as in the previous example, a quotient space P = S;R"“ /G by G is
a contact manifold with Legendre foliation denoted by .# . Note that the fiber
S;R™ = 27'(0) of S;R™' at 0 € R™' is mapped diffeomorphically onto
itself under the action of G, and thus, we have an action of G on Sg R"™ . If
we let X, denote the quotient manifold of SS R™"' under this action, X, isa
compact leaf of # diffeomorphic to a torus. To see this, note that G acts on
S;R™! as follows:

0 0
o | -4 0
y® yE+ s,

6.7 Riemannian Legendre foliations. Recall from Proposition 5.32 that & is
Riemannian if and only if II is positive definite and G = 0. In this case, the
local structure of % restricts the topology of its leaves: 4 compact leaf of F
is diffeomorphic to a quotient of a sphere. Moreover, if P is compact, then all
the leaves of ¥ are necessarily compact, and consequently, diffeomorphic to
quotients of spheres.

6.8 Theorem. A compact leaf of a Riemannian Legendre foliation is diffeomor-
phic to a quotient of a sphere by a finite group.

Proof. Recall from Proposition 5.24 that if ¥ is Riemannian Legendre folia-
tion, this canonical metric on leaves has constant sectional curvature, and if a
leaf of & is compact, the canonical Riemannian metric on leaves is complete.
It is well known that a complete Riemannian manifold with positive constant
sectional curvature is a quotient of a sphere by a finite group [Wo]. From this,
the theorem follows. O

Recall from the structure of nondegenerate Legendre foliations that there is
a canonical connection V on P (Theorem 5.10).

6.9 Theorem. Let & be a Riemannian Legendre foliation. If V is complete on
P, the leaves of F are diffeomorphic to quotients of spheres by finite groups. In
particular, if P is compact, then V is complete and all the leaves are necessarily
compact and hence are quotients of spheres.

Proof. To show that the leaves are diffeomorphic to quotients of spheres, we
prove that the canonical Riemannian metric on leaves of ¥ is complete. To
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do this, suppose that y: (—J, §) — X is a geodesic on a leaf L €. for J >0
with respect to the canonical Riemannian metric on X. We claim that y can
be extended to R. Recall that the Levi-Civita connection of the canonical
Riemannian metric on X is the restriction of V to Z. (See 5.25.) Hence, y
is also a geodesic of V in P. But since V is complete, y can be extended to
R as a geodesic of V on P. Thus, we only need to prove that y(¢) € Z for all
teR.

But this can be seen by the following fact: A submanifold X C P is called
auto-parallel if, for vector fields X, Y on X, V,Y istangent to X. In [KN],
it is proved that, if y is a geodesic of an auto-parallel submanifold X with 7(0)
tangent to X, then y(¢) € X forsmall . O

The assumption that % is Riemannian is essential in Theorem 6.8, for in the
following example, we show that Theorem 6.8 does not hold under the weaker
condition G # 0 by constructing a compact leaf diffeomorphic to a quotient of
S xR.

Example 6.10. Consider the function F: T'R"™' S RTU {0} defined by

a2
2 V)
Fz_ln+—1

y

where (xi , yi) are the canonical coordinates on 7°R"*'. Thus leaves of the

Legendre foliation %, are hypersurfaces in each fiber of T*R™! defined by
the equation y"*' = > (y*)*, and (¥') # 0. It is not difficult to see that
the leaf of the Legendre foliation is diffeomorphic to S" ! x R, and hence, it

is simply connected for n > 2 4 .
We claim that IT is positive definite. Recall that we have Il = F; dy' ® dy'

restricted to L. The derivatives of F on S;IR"+l are

2y 1 26{,/3
Fa = Thyio Fn+l = T Thre FaB = Tl
6.11) y y
(6. -2y 2
Fa,n+l = (yn+l)2 ’ n+l,n+l = (yn+1)2 :

1

If X=ad aiy" # 0 is a tangential vector field to F; (i.e. dF(X) = a'F, = 0),
we have

n+1 n
X, X) = 22 2“Tl)z {(a”“) _2 ( y"a">} .

a=1 y a=1

But, since a'F, = 0 and from (6.11), we get a"' = 2%"_ y*a®. Thus, we

have
2

(X, X)=F,d'a _22(“

(ll
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Now, as in the previous examples, we define a quotient manifold of S*R™!

under a discrete group action defined by

o e
(x', )™, 40y

where 4 = (Aj.) is an element of the group

(% )
0 &

1o .
If A= (Eﬁ _L) ,then 4 actson T*R™' as follows:
k

I:nxn identity matrix | _ 7
keZ -

FY

(xa’ xn+l , ya , yn+l)i> (kaa, 4k.xn-v-l , kaa , _l_kyn+l) )
2 4

It is clear that Z acts on S*R"*' with no fixed points. It can be also directly

checked that the group action preserves the contact 1-form and the Legendre

foliation. Thus, we can define Legendre foliation ¥ on the quotient space P =

S*R™*!/Z. Observe that the fiber S;R"™' = 27'(0)= $""' xR is an invariant

subspace and that the orbit space S(’; R™! /Z is obviously not a quotient of a
sphere.

7. DEGENERATE LEGENDRE FOLIATIONS

There is a large class of Legendre foliations with the rank of II is between
1 and n — 1. We call Legendre foliations of this class degenerate. A complete
classification of degenerate Legendre foliations is an unsolved problem. How-
ever, under the assumption that the rank of the null space L, of II is constant,
it can be shown that L, is an involutive distribution and by the Frobenius the-
orem, L, defines a foliation .#,. Observe that, since L, C L, each leaf of &
is foliated by leaves of % . We show that the leaves of &, have a natural flat
affine structure.

7.1 Propesition. If L, ={X e LII(X,Y)=0forall Y € L} and rank(L) is
constant, then L, is an involutive distribution.

Proof. We show that I'(L,) is closed under the Lie bracket. To do this, we need
to show that if X, X' € I'(L,), then II([X, X'1,Y)=0 forall Y e I'(L).
Using the definition of IT and the fact that the curvature of the Bott connection
vanishes, we compute

(7.2) (X, X', ¥) = ~{V}y ¢ Vyn}(X,)
NN N N NN
= —{VyVyVyn—ViVyvyniX,).
But since {Vy,Vyn}(X,) = -II(X', Y) = 0, it follows that VY. vy e [(Q").
Therefore, V?V?,’ n=®o2Z) (= Vg n) for some Z € I'(L). Similarly, there
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exists Z' € I'(L) such that VﬁVf,’n = Vg/ . Using these, we rewrite the identity
(7.2):
(X, X'],Y)=~{VyVyn-VyVn}X,)=0. O

7.3 Proposition. For X € I'(L), I'(L,) C I'(L) is invariant under the map
VIA‘,: I'(L) = T'(L). Moreover, the restriction of V/LY to L, defines a flat torsion
Jfree partial connection on L, .
Proof. We want to show that, if ¥ € I(L,), then V5Y € I'(L,). Recall that
VIA‘,Y is defined by Vf(Y = <I>_1V£V§,’r]. Furthermore, we have V%V?’n =
VyVyn since {VyVyn}(X,) = -II(X,Y) = 0 implies VyVyn € T(Q").
For simplicity, let us denote W = o (VQV;Y']) .

We claim that II(Z, W) =0 forall Z eI'(L) (i.e. V;Y € I'(L,) ). Recall

that VIPVV = ®(W). Again, using the fact that the curvature of v" vanishes,
we compute

I(Z, W) =—{V3V}X,) = ~{V3VyVyn}(X,)
(7.4) = —{VAVoVyn+ Vi VyniX,)

= —{VyV,Vyn(X,) - 1(Z, X], Y).

But, since Y € F(LO) , II([Z, X], Y)=0. Moreover, since
{(Vivyny(X,) =-T(Z,Y) =0,
we have VhVYn e I(Q"). This implies that V5 V}#n = V. for some Y’ €
I'(L) and hence
(VIVIVInY(X,) = {VyVym(X,) =TI(X, Y') =0.

The fact that this connection on L, is flat and torsion free follows from Propo-
sition 3.23: For X, Y ,and Z € I'(L,),

RL(X, VWZ=1I(X,Z)Y-II(Y,Z)X=0. O
Recall that the partial connection v! induces an ordinary affine connection
on leaves of .% . Similarly, leaves of # possess a canonical affine connection

induced from V*. Clearly, from the Proposition 7.3, this affine connection is
flat and torsion free. Hence we have the corollary:

7.5 Corollary. Leaves of #, have a natural flat affine structure.
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